
Interference of homonuclear decoupling and exchange in the
solid-state NMR of perfluorocyclohexane

Deborah E. McMillan,a Paul Hazendonk,b and Paul Hodgkinsona,*

a Department of Chemistry, University of Durham, Stockton Road, Durham DH1 3LE, UK
b Department of Chemistry and Biochemistry, University of Lethbridge, 4401 University Drive, Lethbridge, Alta., Canada T1K 3M4

Received 3 October 2002; revised 10 January 2003

Abstract

We observe an interference between RF irradiation used for homonuclear decoupling of 19F and conformational exchange in the
13C spectrum of perfluorocyclohexane. We show that these effects can be readily reproduced in simulation, and characterise their

dependence on the various NMR and experimental parameters. Their application to observing exchange rates on the kHz timescale

is evaluated with respect to T1q measurements and the connections between the two approaches established. The implications for
experiments that use homonuclear decoupling of 1H to resolve 1JCH couplings in the solid-state are also evaluated in detail.
� 2003 Elsevier Science (USA). All rights reserved.
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1. Introduction

In the solution-state NMR of organic molecules,

J -couplings provide invaluable information about

chemical bonding. In contrast, the observation of J -
couplings in the solid-state NMR of these systems is

hampered by the presence of much stronger dipolar
couplings, which cannot be sufficiently suppressed by

magic-angle spinning. Current probe designs permit the

application of radio-frequency fields for homonuclear

decoupling that are sufficiently strong (say 150 kHz) that

proton linewidths can be reduced to the point where one-

bond 1JCH couplings can be resolved. As a result, a wide
variety of J -coupling-based experiments can be adapted
to solid samples [1–3].
Such methods should work equally well with fluori-

nated organics, although the much larger chemical shift

range of 19F compared to 1H may challenge current

homonuclear decoupling methods. Perfluorocyclohex-

ane, C6F12, would appear to be a suitable test sample; it

is a plastic crystal and so the strong intramolecular

couplings are suppressed by the rapid (and isotropic)

motion of the molecules. Unfortunately, as Fig. 1 shows,

the 1JCF couplings are not resolved at room tempera-

ture. The (scaled) 1:2:1 triplet expected from the CF2
groupings of C6F12 under

19F homonuclear decoupling,

only appears clearly when the temperature is lowered

below )30 �C. We decided to investigate this behaviour,
as it is likely to be relevant to the more general appli-
cation of ‘‘J -coupling experiments’’ to the solid-state.
From previous solution-state [4], liquid-state [5], and

solid-state experiments [6], we know that perfluorocy-

clohexane undergoes chair–chair conformational ex-

change, in addition to its isotropic re-orientation. From

the data derived from solution-state experiments [4] (as

revised in [7]), we estimate the rate of exchange at 25 �C
to be 32 kHz. This is of the same order of magnitude as
the radio-frequency ‘‘field strength’’ expressed in fre-

quency units (about 50 kHz). In contrast, the exchange

is predicted to be of the order of Hz at )50 �C. It is thus
reasonable to suppose that an interference between the

conformational exchange and spin dynamics due to the

RF irradiation is causing the collapse of the triplet

structure in the ambient temperature experiment.

Interference between continuous-wave heteronuclear

decoupling and exchange have previously been observed

and characterised in solids [8]. Loss of resolution caused
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by interference between homonuclear decoupling and

exchange has also been observed in CRAMPS-style

spectra, i.e., where the abundant spin spectrum is ob-
served during homonuclear decoupling [6,9,10]. The

indirect effect of homonuclear decoupling on the X-nu-

cleus spectrum and its impact on coherence transfers

using J -couplings has not, to our knowledge, been
characterised in any detail. In this paper, we consider the

interplay between exchange and homonuclear decou-

pling, and show that the behaviour in C6F12 system can

be readily reproduced, and, in simple cases, connected to
earlier semi-classical approaches. The final sections dis-

cuss the application of these effects to the measurement

of exchange rates and their impact on experiments that

rely on the resolution of J -couplings in the solid-state.

2. Characterisation

Because C6F12 is a plastic crystal, intramolecular di-

polar interactions and chemical shift anisotropies are

eliminated by the isotropic motion. Intermolecular di-

polar interactions are not removed by the motion, but

are relatively small and can be assumed to be eliminated

by the homonuclear decoupling. Given that only one-

bond J -couplings are significant—2JCF are typically an
order of magnitude smaller than 1JCF [11]—we can hope
to model the system in terms of the behaviour of a single

CF2 system. The rotating-frame Hamiltonian (in fre-

quency units) is thus

HðtÞ ¼ JeqI1zSz þ JaxI2zSz þ deqI1z þ daxI2z þ HrfðtÞ; ð1Þ
where Jeq and Jax are the 1JCF couplings with equatorial
and axial fluorines, respectively, and deq and dax are the
19F chemical shifts (the 13C chemical shift simply de-

termines the position of the peak in the 13C spectra and

has no effect on the spin dynamics).

The Hamiltonian for the RF involves (phase-modu-
lated) irradiation of the I spins only:

HrfðtÞ ¼ vrfðcos/ðtÞFx þ sin/ðtÞFyÞ; ð2Þ
where Fx ¼ I1x þ I2x, etc. are sum operators, vrf is the RF
amplitude, and /ðtÞ is the time-dependent RF phase.
We can slightly simplify Eq. (1) by writing J ¼ Jeq ¼

Jax (any differences between the couplings to axial and
equatorial sites are too small to be resolved) and as-

suming that the 19F transmitter is centred in the 19F

spectrum, i.e., the 19F shifts can parameterised simply in

terms of the difference in chemical shift, D. The simpli-
fied Hamiltonian is thus

HðtÞ ¼ JFzSz þ ðD=2ÞI1z � ðD=2ÞI2z þ vrfðcos/ðtÞFx
þ sin/ðtÞFyÞ: ð3Þ

The Hamiltonian is block diagonal since mz of the S spin
is a good quantum number.

The conformational exchange has the effect of (in-

stantaneously) interconverting equatorial and axial sites.

The simplest approach to including this exchange is to

formulate the problem in Liouville space. The Liouvil-

lian is thus

L̂L ¼ �2piĤH þ kðX̂X � 1Þ; ð4Þ
where ĤH ¼ ½½H ; �; � is the double commutator (H � 1�
1� HT, where 1 is an identity matrix of the same order

as the Hilbert space). k is the rate of equatorial–axial
exchange, and X̂X is the exchange matrix linking Liouville
states that are interconverted by the exchange. The
single caret used to distinguish operators/matrices in

Liouville space can be dropped as the following de-

scription is entirely within Liouville space. Since the

exchange only ‘‘mixes’’ the I spins, the Liouvillian also
has a block structure, consisting of four 16	 16 blocks.
Taking advantage of this block structure would improve

the efficiency of the calculation (in practice, the calcu-

lations were sufficiently rapid using the full 64	 64
Liouville space).

The Liouville space propagator over a time interval

Dt is simply U ¼ expðLDtÞ. For BLEW-12 [12] and re-
lated sequences where the phases are all multiples of

90 �, it is convenient to calculate the four propagators,
Ux, U�x, Uy , U�y . The propagator over a BLEW-12 cycle

(duration sc) is then efficiently determined by

Uðsc; 0Þ ¼ U�xU�yUxU�yU�xU�yUyUxUyU�xUyUx: ð5Þ
For time-dependent decoupling sequences, it is conve-

nient to use sc as the dwell time for sampling of the
evolution, since the signal is then determined by this
single propagator, Uðsc; 0Þ. Note that the presence of
exchange means that we must include the time-depen-

dence of the pulse sequence explicitly rather than using

the usual average Hamiltonian for the BLEW sequence.

With an initial density matrix rð0Þ ¼ Sx, the NMR
signal on the S spin is then

Fig. 1. 13C NMR spectra of perfluorocyclohexane (C6F12) acquired

during BLEW-12 homonuclear decoupling of the 19F (vrf ¼ 83 kHz) at
two different temperatures.
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SðnscÞ ¼ trðSþUðsc; 0ÞnSxÞ: ð6Þ
The calculation of the signal can be made more efficient

by transformation into the eigenbasis of U [13,14].

3. Experimental

A 7.5mmChemagnetics PENCIL rotor was filled with

perfluorocyclohexane (Aldrich) and the rotor ‘‘sealed’’

using a Vespel cap. First attempts to acquire spectra

with unsealed rotors failed since the C6F12 quickly sub-

limes under the conditions used (fast gas flows required

for the variable temperature control). The spectra

were acquired on a Chemagnetics CMXII spectrometer

with a nominal proton frequency of 200MHz. The 19F
transmitter was placed in the centre of 19F spectrum to

minimise off-resonance effects on the homonuclear de-

coupling.
13C spectra were acquired as a function of temperature

using direct excitation of the 13C magnetisation under

BLEW-12 19F homonuclear decoupling. Only modest

spin rates were used to improve B0 inhomogeneity, and
so frictional heating is assumed to be negligible. Fig. 2
shows a comparison between the experimental spectra

and spectra simulated using the model described above.

The simulated spectra and corresponding exchange rate

were obtained by iterative fitting of the experimental

spectra, using the procedure outlined below.

In general, the correlation between linewidth and

exchange is too strong to permit both the rate and

linewidth to be fitted simultaneously. Hence the ex-
change-free linewidth was measured from the lowest

temperature spectrum (the rate of exchange here is

negligible in comparison to vrf ). This was assumed to be
the same in all spectra. It was not possible to measure

the exchange-free linewidth in the k 
 vrf limit, which
would otherwise have provided a check on the validity

of this assumption.

The spectra are quite sensitive to the exact value of vrf
since the scaling factor of the decoupling sequence is

very sensitive to experimental variations. Although the

probe was retuned at each temperature and the effective

90� length did not measurably drift over the course of
the experiment, satisfactory fits were only possible by

making vrf a fitted parameter. The strong correlation of
the actual vrf (and hence scaling factor) with J again
means these parameters cannot be fitted independently.
The estimated value of 250Hz for 1JCF was confirmed
from the 13C spectrum of C6F12 in d10-toluene (the
1JCF sufficiently dominates longer range couplings to
allow it to be estimated to within 10Hz).

The difficulties of precisely measuring correlated pa-

rameters such as 1JCF, vrf and exchange-free linewidth
mean that the rates obtained should be treated with

some caution. In addition, the spectra above

T > �10 �C could not be fitted as the signal collapses
into a broad unresolved feature rather than sharpening

once more into a 1:2:1 triplet in the limit k 
 vrf . As
confirmed by 19F T1q measurements (shown later), ad-
ditional relaxation mechanisms come into play at the

sample approaches its sublimation point (presumably

from additional motional processes, such as transla-

tional diffusion). With T1q remaining short, the
1JCF remains unresolved.

4. Application to rate measurement

Although this interference between decoupling and

exchange is a potential problem for experiments relying

on resolved J -couplings, it does provide a potential
means of measuring exchange rates that are on the same
timescale as the RF irradiation, i.e., 10�s of kHz. In this

Fig. 2. Left: 13C NMR spectra of C6F12 using BLEW-12 decoupling,

as a function of temperature (vrf ¼ 50 kHz). Right: fitted spectra (ex-
cept spectra for T ¼ �90�C and T ¼ 23 �C which are calculated using
k ¼ 0 and k ¼ 106 Hz, respectively, where k is the rate of conforma-
tional exchange).
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section, we discuss the advantages and drawbacks of this
approach compared to alternative methods.

Other methods to probe exchange on this timescale

also exploit interference between RF irradiation and the

exchange. In each case, we expect the interference to be

proportional to JðxeffÞ, the spectral density of the mo-
tion at an ‘‘effective’’ RF irradiation frequency:

1

Tc
/ s
1þ s2x2eff

; ð7Þ

where s ¼ 1=2k is the correlation time for the two-site
exchange at a given temperature, and Tc is a time con-
stant. This time constant is a T2 (or rather the contri-
bution of exchange to the effective T2) in the case of
interference with heteronuclear (CW) decoupling, i.e.,

observing the S spin during CW irradiation of the I
spins [8,16]. Alternatively, T can be a T1q for relaxation
under a spin-lock. The nature of the proportionality

depends on the model for the relaxation, but is not

important when obtaining activation barriers for the
motion, since only the logarithm of 1=Tc as function of
inverse temperature is required.

The effect of two-site exchange on T1q during off-
resonance (CW) decoupling has been previously char-

acterised using a semi-classical approach [17]:

1

T1q
¼ sin

2 hD2

4

s
1þ 4p2s2v2eff

; ð8Þ

where h is the tilt angle of the effective field with

(veff ¼ vrf= sin h). The maximum interference (corre-

sponding to a minimum in the value of T1q) occurs when
4p2s2v2eff ¼ 1. In the case of Lee–Goldburg decoupling
(h ¼ 54:7 �), this corresponds to k ¼ pvrf

ffiffiffiffiffiffiffiffi
3=2

p
. We show

in the appendix how Eq. (8) can be derived in the con-

text of the Liouville space propagation described in the

previous section. Note that measuring T1q under Lee–
Goldburg conditions has the advantage of suppressing

‘‘spin diffusion,’’ helping to localise the effects of the

motion to the molecular fragment involved.

The observation of exchange via homonuclear de-
coupling has essentially the same characteristics. In the

intermediate regime, vrf � k, the spectra can be fitted to
obtain exchange rates, although, as described above,

the strong correlation between different parameters

means that obtaining absolute rates is a delicate busi-

ness. The only advantage of this approach that may

justify its increased complexity is that the entire spec-

trum is used to extract rate parameters. As demon-
strated by the widespread use of 2H NMR spectra in

studies of molecular dynamics, an exact fit of a non-

trivial spectrum permits a clear justification of the

motional model.

Fig. 3 plots a set of T1q values measured for C6F12 as
a function of temperature in a form appropriate to fit-

ting to the Eyring equation for the temperature depen-

dence of rates:

k ¼ kBT
h
eDS

z=Re�DH z=RT : ð9Þ

In the slow-exchange regime, vrf 
 k, then T1q / k�1 and
so

ln T1q ¼ � ln T þ DH z

RT
þ C: ð10Þ

Hence a plot of lnðTT1qÞ vs. 1=T should yield a

straight line of gradient DH z=R. The experimental data
are consistent with such an analysis, although there are

clearly other processes at work (fitting to Arrhenius-type

behaviour, i.e., ln T1q vs. 1=T gives similar results). The
behaviour at high temperatures, close to the sublimation
point of 51 �C, departs markedly from that expected in
that there is no clear T1q minimum. This absence of a
results characteristic of k 
 vrf , suggests that additional
motions are present in this temperature range. The line

on the figure is derived from a mean of solution-state

results for the activation energy [5,7,18] and is clearly

consistent with the solid-state results. The barriers to

exchange in the solid, solution, and gas [18] phases
cannot be, therefore, be distinguished within experi-

mental error. This is unsurprising given that localised

intermolecular interactions must necessarily be negligi-

ble in a molecule forming a plastic crystal phase.

5. Implications for J-coupling-based experiments

The ability to resolve J -couplings is crucial to the
successful transfer of many solution-state experiments

to solid samples. In simple terms, the interference be-

tween homonuclear decoupling and motion clearly re-

duces the ‘‘life-time’’ of the spin states. If the resulting

Fig. 3. Plot of lnðTT1qÞ vs. 1=T for solid C6F12. Nine 19F spectra were
acquired for each value of T1q using a vrf of 38 kHz. The superimposed
straight line has the slope calculated from the Eyring equation using a

mean value of DH z ¼ 39 kJ mol�1 derived from earlier solution-state
experiments [5,7,18].
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exchange-induced broadenings exceed the size of the J -
couplings, then it will be impossible to use these cou-

plings to build up or transfer coherences.

Fig. 4 puts this in more concrete terms using the at-

tached proton test adapted for solids [2]. After cross-

polarisation from the abundant spins (19F in this case),

the 13C magnetisation evolves under the influence of the

JCF couplings (chemical shift evolution being refocused
by the p pulse). As shown in Fig. 4(b), the magnetisation
at the end of the s period oscillates with frequency
JCF (scaled by a factor, v, which depends on the ho-
monuclear decoupling sequence). This oscillation is

strongly damped (dashed line) if the conformational

exchange rate, k, matches vrf for the homonuclear de-
coupling. It is also worth noting the apparent frequency

of oscillation (and hence any derived J -coupling or
scaling factor) is slightly perturbed by the interference.
The impact of exchange on the experiment can be con-

veniently quantified using the magnetisation at

s ¼ 1=Jeff . The ‘‘refocused fraction,’’ f ¼ Sð1=JeffÞ=Sð0Þ,
will be unity for an undamped oscillation and will tend

to zero as the degree of interference between RF irra-

diation and exchange increases.

The influence of the exchange of the the dynamics of
19F spin system can also be probed directly using the 19F
T1q. Magnetisation is tilted on to the effective spin-lock
axis for the homonuclear decoupling sequence involved

(at the magic angle in the case of Lee–Goldburg de-
coupling) and the intensity of the spin-locked magneti-

sation measured as a function of time. In the absence of

exchange broadening, the decay of the spin-locked

magnetisation is monoexponential with time constant

T1q. The exchange leads to an additional decay, with
time constant Tc.
Fig. 5 plots these two measures, f and the exchange-

induced ‘‘linewidth’’ (1=pTc), as a function of exchange
rate for three different homonuclear decoupling se-

quences and two RF field strengths. Unsurprisingly,

there is a direct (inverse) between the two measures. The

most obvious feature of Fig. 5 is collapse of the polar-

isation transfer efficiency (solid curve) when the ex-

change rate matches the RF irradiation frequency; the

effectiveness of the polarisation transfer is significantly

degraded over about an order of magnitude either side
of k � vrf . The exact position of the interference maxi-
mum depends on the decoupling method. For Lee–

Goldburg decoupling, for example, this is predicted

from Eq. (8) to be at k ¼ pvrf
ffiffiffiffiffiffiffiffi
3=2

p
. Analytical treat-

ment for other decoupling methods is more difficult, due

to the additional time-dependencies, but qualitative

predictions can be made. For instance, frequency swit-

ched Lee–Goldburg [19] (FSLG) is a more robust
method of off-resonance decoupling in which the offset

(and phase) are switched after a 2p rotation about the
effective field. This modulation introduces an additional

frequency component at veff=2, which modestly in-
creases the impact of the interference and shifts the in-

terference maximum to lower exchange rate. This is even

more apparent for the BLEW-12 decoupling which

cannot be associated with a single timescale; the extent
of the interference is significantly worse, both in terms of

the range over which the interference occurs and its

maximum impact. There may well be advantages to

minimise the number and range of frequency compo-

nents in the effective RF Hamiltonian when designing

new homonuclear decoupling sequences [20].

It is interesting to contrast the different effects on the

{1H}13C spectrum of physical exchange of the protons
compared to flip-flops of the proton spin states due to

‘‘spin diffusion.’’ In the absence of proton-decoupling,

the spectrum of a CH2 group under high-speed spinning

should tend towards that seen in the solution-state, i.e.,

a 1:2:1 triplet from the 1JCH couplings. In a study of
adamantane at high spinning speeds, Ernst et al. ob-

served instead a partially broadened triplet, superim-

posed on a sharp central peak [15]. The broadening was
attributed to the presence of proton spin-flips from

‘‘spin diffusion’’ even at the highest spinning speeds used

(30 kHz). This phenomenon could be successfully mod-

elled in terms of Bloch equations modified for exchange.

It is important to note that the different mechanisms

involved (exchange of spin states due to homonuclear

dipolar couplings and physical exchange of spins) give

Fig. 4. (a) Pulse sequence for a solid-state version of the attached

proton test experiment [2], (b) evolution during BLEW-12 decoupling

simulated for a CF2 unit in the absence of exchange (solid line) and

when the exchange rate k equals the RF amplitude, vrf (dashed line).
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rise to different spectral features. In the former case, the
spin dynamics of the equivalent protons of the CH2
group are conveniently described using the coupled

representation: a pseudo-spin 0 which does not couple

to other spins and a pseudo-spin 1 which is broadened

by coupling to other protons [15]. This gives rise to the

observed sharp peak superimposed on a broad triplet.

Genuine chemical exchange, however, causes complete

exchange of the coherences, resulting in broadenings
that are described by a single linewidth parameter (this

is explored in more detail in Appendix A).

6. Conclusions

The interference between radio-frequency pulse

schemes for homonuclear decoupling and chemical ex-
change has a significant impact on the NMR spectrum of

spins coupled to the irradiated spins. The interference

becomes greater with increased ‘‘complexity’’ of the RF

decoupling, withweakerRFfields and increased chemical

shift differences between the exchanging spins (cf. Eq. (8)).

These effects can be readily modelled and provide a

useful confirmation of the model used for exchange.

Quantitative use of these interference effects is made
difficult by the numbers of experimental parameters in-

volved and the correlations between them. Fitting on the
19F spectra would be considerably more robust, but is

complicated by the requirement for homonuclear de-

coupling to remove the 19F–19F intermolecular interac-

tions. The measurement of T1q relaxation times provides
a more straight-forward route for observing these effects

(once the nature of the relaxation process is clear).

Measuring T1q under Lee–Goldburg conditions assists in
isolating different environments by suppressing spin

diffusion. More sophisticated techniques of homonu-

clear decoupling are unlikely to be useful since their use

greatly increases the sensitivity to experimental artifacts

such as phase transients [21].
The existence of this interference mechanism is also

significant for experiments relying on homonuclear de-

coupling to resolve heteronuclear J -couplings. Although
the average Hamiltonian for the spin system under MAS

and homonuclear decoupling may only contain effective

chemical shifts and J -couplings, this treatment is only
valid in the absence of other time-dependencies on a

similar timescales. This condition is clearly broken by
chemical exchange on the kHz timescale. As a result, the

performance of experiments relying on resolved J -cou-
plings will be degraded. Changing the temperature of

the sample, and hence the exchange rate, may be suffi-

cient to avoid this interference and will distinguish it

from other causes of resolution loss, e.g., interference

between sample spinning and RF irradiation [22].

Appendix A. Derivation of exchange line-broadening

from Liouville space treatment

It is useful to establish the connection between the

simulations of the CF2 sub-system using the stochastic

Fig. 5. Plots of 13C magnetisation (solid curve, left-hand scale) at s ¼ 1=Jeff as a function of exchange rate for the solid-state APT experiment using
two RF field strengths: vrf ¼ 50 kHz (a–c) and vrf ¼ 150 kHz (d–f), (a, d) BLEW-12 homonuclear decoupling, (b, e) off-resonance irradiation at the
magic angle (Lee–Goldburg homonuclear decoupling), (c, f) frequency-switched Lee–Goldburg decoupling. The dashed curves (right-hand scale)

show the contribution to the effective 19F linewidth under RF irradiation (1=pTc). The black diamonds for the case of off-resonance decoupling show
the predictions of Eq. (8). The vertical dotted line marks k ¼ pvrf

ffiffiffiffiffiffiffiffi
3=2

p
.
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Liouville equation, Eq. (4), and the expression for the
effect of exchange on T1q derived semi-classically [17].
When determining T1q for the 19F spins, it is only

necessary to consider the simple system of two ex-

changing 19F spins. Moreover, in C6F12 the dipolar in-

teraction between the spins is eliminated by the rapid

motion, while the J -coupling between the spins is neg-
ligible. In the absence of couplings between the spins, we

only require a composite Liouville space consisting of

the direct sum,L1 �L2, of the (4	 4) Liouville spaces
for the spins, rather than the product space, L1 �L2

[23]. This reduces the size of the Liouvillians from the

order 64 (43) matrices used above for the simulations of

CF2, to matrices of rank 8 (4þ 4) for the uncoupled F2
system.

The Liouvillian for the exchanging two-spin system is

then

L̂L ¼ �i ĤH þ kX

¼ �i ĤHþ 0

0 ĤH�

� �
þ k

�1 1

1 �1

� �
; ðA:1Þ

where ĤH� is the hamiltonian superoperator for the two
spins, which are distinguished by their shifts, �D=2
(relative to the transmitter). The identity matrices, 1,

span the 4	 4 Liouville space for one spin. The problem
is most conveniently expressed in a tilted rotating frame

with the z axis along the effective RF field. This axis
transformation commutes with X and so the Hamilto-
nian is:

H� ¼ �D sin h
2

Sx þ
�
� D cos h

2
� veff

�
Sz: ðA:2Þ

In this frame of reference, z-magnetisation will be locked
by the strong RF irradiation. In order to distinguish the

component of the density matrix proportional to the

identity, I (which is not expected to evolve) from z-
magnetisation, we write the Liouville space basis:

I � ðjaijai þ jbijbiÞ=
ffiffiffi
2

p
, Iþ � jaijbi, I� � jbijai, Iz �

ðjaijai � jbijbiÞ=
ffiffiffi
2

p
.

The Liouvillian is approximately block-diagonalised

by taking symmetric and anti-symmetric combinations

of the spins, i.e., applying the transformation

L̂L0 ¼ UL̂LU 0; where U ¼ 1ffiffiffi
2

p 1 1

1 �1

� �
: ðA:3Þ

Using superscript þ and � to label the resulting ‘‘sum’’
and ‘‘difference’’ states, the resulting Liouvillian matrix
is then:

where s and c are short-hand for sin h and cos h, re-
spectively. Iþz corresponds to the sum z-magnetisation
which is expected to be locked along the spin-lock axis.

This is ‘‘lock’’ is confirmed by the approximately diag-

onal structure of the Liouvillian; in the limit of D � vrf ,
the off-diagonal elements (which are of the order of D)
are small compared to the diagonal elements (which

involve xrf and k). The eigenvalue corresponding to the
evolution frequency of the Iþz state can thus be deter-
mined to a good approximation using perturbation

theory to second order:

Ej ¼ Ljj þ
X
i6¼j

LijL�
ji

Lii � Ljj
ðA:5Þ

hence

EðIþz Þ ¼
p2D2 sin2 h

2

1

�i xrf � 2k

�
þ 1

ixrf � 2k

�

¼ 2p2D2 sin2 h k
x2rf þ 4k2

: ðA:6Þ

This eigenvalue is purely real, corresponding to an
evolution with zero frequency but a non-zero decay

constant, EðIþz Þ ¼ 1=T1q. This result is identical to that
obtained using a semi-classical description of exchange,

Eq. (8). Extension to multi-pulse decoupling schemes

(even ones as closely related as FSLG) is non-trivial,

since the propagators for individual pulse sequence el-

ements do not commute. As a result, the eigenvalues of

the effective Liouvillian for the complete sequence are
not related in any simple way to those of the individual

elements. Although it provides less insight, numerical

simulation as described earlier is straightforward for

these cases. It is interesting to note, however, that the

evolution under multi-pulse decoupling techniques is

expected to be multi-exponential.

ðA:4Þ
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